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CALCULATION OF LIFT AND PTTCHING MOMENTS DUE TO ANGLE OF

ATTACK AND STEADY PTTCHING VELOCITY AT SUPERSONIC SPEEDS

FOR THIN SWEPTBACK TAPERED WINGS WITH STREAMWISE TIPS
AND SUPERSONIC LEADING AND TRAILING EDGES

By John C. Martin, Kenneth Margolis, and Isabella Jeffreys
SUMMARY

On the basis of linearized supersonic-flow theory the stability
derivatives Cma' and Cmq (moment coefficients due to angle of attack

and steady pitching velocity, respectively) and CLq (1ift coefficient

due to steady pitching velocity) were derived for a series of thin swept-
back tapered wings with streamwise tips and supersonic leading and
trailing edges. The results are valid for a range of Mach number for
which the Mach lines from the leading edge of the center section cut the
trailing edges. An additional limitaetion is that the foremost Mach line
from either tip may not intersect the remote half of the wing.

The results of the analysis are presented as a series of design
charts. ©Some illustrative variations of the derivatives and of the chord-
wise center-of-pressure location with the various wing design parameters
are also included.

To facilitate the transformation of the calculated results to arbi-
trary moment-reference locations, the required data for Cr, have been

selected or computed from the charts and equations in NACA TN 2114 and
ere also presented in the form of design charts.

INTRODUCTION

The development of the linearized supersonic-flow theory has enabled
the evaluation of stebility derivatives for a variety of wing configura-
tions at supersonic speeds. Fairly complete information is now available
for the theoretical stability. derivatives of rectangular, triangular, and
-arrowhead plan forms (references 1 to 6). For the sweptback tapered wing
with streamwise tips, some of the available stability derivatives are the

e v~ o tge o L L e e e | e e
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2 NACA TN 2699

lift-curve slope CLCL (references 7 to 10) and the damping-in-roll
derivative Czp (references 9 to 12). TFor this same wing, reference 13
treats the longitudingl-stability derivatives Cma and Cmq (moment

coefficients due to angle of attack and steady pitching velocity,
respectively) and CLq (1ift coefficient due to steady pitching

velocity) for a range of Mach-number for whlch the leading edge is sub-
sonic and the trailing edge is supersonic. Reference 14 treats the
derivative Cmq for cases where all edges are subsonic.

In the present paper, the range of speeds considered in reference 13
is extended to the Mach number range for which the wing has 'supersonic
leading and trailing edges. The wing plan forms considered herein are
the same as those considered in reference 13. These wings have an arbi-
trary taper ratio, uniformly swept leading and trailing edges (leading
edge swept back, trailing edge either swebt back or swept forward), and
wing tips that are not yawed with respect to the stream direction. The
limiting case of zero leading-edge sweepback is also included. The
analysis is limited to the range of Mach number for which the Mach lines
from the leading edge of the center section cut the trailing edge. An
additional restriction is that the foremost Mach line from either tip
may not inbtersect the remote helf-wing.

The results of the analysis are given in the form of generalized
equations for the stability derivatives Cma, CLq, and Cmq- Generalized

design curves are also presented from which rapid estimations of the
derivatives Cpg, CLq, and Cmq can be made for given values of aspect

ratio, taper ratio, Mach number, and leading-edge sweep angle., Some
illustrative variations of the derivatives with these parameters are also
presented. Although the analysis is limited to the range of Mach number
for which the Mach lines from the center section cut the trailing edges,
the generalized curves for the derivatives are judiciously extended to
include the Mach number range for which the Mach lines from the center
section cut the tips. It is believed that for most combinations of plan-
form parameters and Mach numbers the approximate values taken from these
extended portions of the curves are quite close to the true values which
.would be found by the use of the linearized theory.

The applicabilfty of the calculated results may be broadened con-
siderably by use of the reversibility theorem as indicated in refer-
ences 15 and 16. -

e e —————————— e - ——
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SYMBOLS
A ) aspect ratio
A' = AB
B cotangent of Mach angle Q/Me - 1>
c local chord in stream direction
1.2 -
ACP pressure~difference coefficient AP/EpV
_ ) 1 .2
cy section 1ift coefficient |(Lift per unit span §pV c
Cp root chord
_ 2c, (A2 + A + 1)
c mean aserodynamic chord
3(1 + )
crA(l + A

J=A"(1+ 1)

cot Agg AT(L + )
k = =

cot A AY(L + ) = bmr (1 - )

v T.E v
T circulation along span | = LCp dx = 35 cye
2 2
L.E.

M - free-stream Mach number
m slope of leading edge (cot A)
m' = Bm = B cot A
AP local pressure diffefence between upper and lower surfaces

of airfoil; positive in semnse of 1lift

q ‘ steady pitching velocity
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X, Y, Z
X, Yy 2
X1, V1

Xg, Vg
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wing area

areas of integration

incremental flight velocity along X stability axis

forces parallel to x, ¥y, and 2z stability axes, respectively
Cartesian coordinates (see fig. 2(a))

coordinates of a source point in xy-plane

Cartesian coordinates measured from leading edge of tip section
b/2 b
(xa =X - —é—; Yg = -5 on right half—wing).

distance from wing apex to center of pressure due to angle of

C
attack (— c a—m—“> ‘
' La,
distance from wing apex to center of pressure due to steady
pitching

distance from wing apex to assumed center-of-gravity position

(note that ¥ - 4@ when expressed as a function of T is
defined as static margin) - .

angle of attack
leading-edge angle of sweepback

trailing-)—edge angle of sweep, positive for sweepback (see
fig. 1

taper ratio (ratio of tip chord to root chord)

Mach angle ( cot"lB)

density of air
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disturbancé-~velocity potential on upﬁer surface of airfoil

pitching moment
normal force (approximately equal to 1lift)

free-stream velocity

1ift coefficient ( L >
1.2
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2°
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pitching-moment coefficient M
§p Sc

longitudinal -force coefficient < £ >
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refers to reverse of a glven wing, obtained by reversing

6
={ 1
Ry
v u—>0
Cx )
R 5 &
qu YEO
Subscripts:
R
flow direction
TE refers to trailing edge
Superscripts:
*

~

refers to system of body axes with origin at (%,0,0)

refers to system of body axes with origin at (d,0,0)

refers to systém of stability axes with origin at (d,0,0)

SCOPE

The types of wings analyzed in this paper are sketched in figure 1.
The results of the analysis can, however, be extended to wings with swept-
forward leading edges by the use of certain reversibility theorems. The
orientation of the wing with respect to a body system of coordinate axes

used in the anslysis is indicated in figure 2(a).

The surface velocity

potentials, the pressure distribution, and the stability derivatives are
derived with respect to this system.
with respect to the system of stability axes with the origin at an arbi-

trary point rearward of the wing apex.

Formulas for transforming the

derivatives from body axes to stability axes are presented in table I.

The asnalysis is based on the linearized supersonic-flow theory, and
the results, therefore, are subject to the usual limitations and restric-

tions. The derivatives are valid for the range of Mach number for which
the leading and trailing edges are supersonic.

A further restriction is

that the Mach lines from either tip may not intersect the remote half-
wing., The anslysis is limited to the range of Mach number for which the

Mach line from the wing apex cuts the trailing edge.

The curves of the

design charts, however, are extended (indicated by dashed lines) to the

Figure 2(b) shows the wing oriented
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points where the leading edge is sonic. Thus, estimates of the values
of the derivatives in this range (where the Mach line from the apex cuts
the tip) can be obtained from the dashed portions of the curves. The
estimates so obtained are believed to be quite close to the true
linearized-theory values for most combinations of plan-form parsmeter
and Mach number.

ANATYSTS AND BASIC CONSIDERATIONS

The evaluation of the derivatives Cpg, CrLy, @nd Cp, involves

the integration over the wing of the disturbance pressures caused by an
angle of attack a and by a steady pitching velocity q. In the treat-
ment of motions involving small disturbances (such as those considered
in this analysis), the disturbance pressures may be determined from the
well-known relationship: :

AC =-ALV2=

D Py (1)

o
<=

The potential function ¢ must satisfy the linearized partial-
differential equation of steady flow and the boundary conditions that
are assoclated with the wing in its prescribed motion. The boundary
condition on & wing which is at a constant angle of attack o -is

g, =-av . (z =0)

Similarly the boundary condition on a wing which has a constant rate of
pitch is

" (Note that the preceding boundary condition for pitching is independent

of time. 1In stability calculsastions, a constant rate of pitch corresponds
to the wing flying in a circle with a constant velocity.)
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Development of Expressions for the Surface Velocity
Potential and Lifting Pressure Distributions

The expressions for the potentisls and pressures for the wings at
a constant angle of attack were obtained from tables I end II of refer-
ence 10. This information is presented in tables II and IIT of the

present paper.

The potentials and pressures for the wings performing a steady
pitching motion were determined by an application of Evvard's method
(see reference 17). The right half-wing is divided into four regions
as indicated in figure 3. The expressions for the potentials and pres-
sures sre given by different mathematical formulas for each region. The
potential or pressure at any point (x,y) in any region can, however, be
obtained by taking the real part of the corresponding formuls for the
potential or pressure for region IV. This procedure is applicable for
many steady motions, as can be seen from the following arguments. Only
the potential will be considered; however, since the pressure is directly
proportional to the x-derivative of the potential, the conclusions will
also apply to the pressure. From reference 17, the potential at any
point (x,y) in region IV can be expressed as

X

#(x,y) = - %L[[ & ‘ dx; dyy (2)
s), ( _ Xl)e _ Be(y _ Y1>2

The ares of integration Sy is indicated in figure 4. Similarly, the
potential in region IIT is glven by

Blx,y) = - = ffs & dx; dyy (3)
3 |

s s

The area of integration S3 is indicated in figure 5.

Figure 6 indicates the effect on the area of integration S) when

the point (%,y) is moved from region IV to region III. Note that the
wing area inside the effective forward Mach cone from the point‘(x,y) is
the same as the area S3. For a point (x,y) in region III, the right

side of equation (2) can be written as
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1 8, ’
I dx, dyy =

Sll- \/(x _ xl)Q _ BE(y _ Y1)2
1 P 1 81
ﬂ\[7;3 V(x _ xl)2 - Be(y _ y1)2

1 ¢z

—ﬂ dxy dyy (%)
7t 8)-S3 \/(x - xl)2 _ Bg(y _ 3’1)2

The area Sh - S3 is the portion of . Sh ‘which is outside the forward

Mach cone from the point (x,y). The integral over the area §) - S3

will be purely imaginary because the radical of the integrand is always
imaginary. Only the integral over the area S3 will contribute to the

real part of equation (4), and the integral over S3 1s, by equation (3),

the potential in region ITI. Thus, the real part of the expression for
the potential of region IV will yield the expression for the potential
in region III as the point (x,y) is moved from region IV to region III.
Analogous reasoning can be presented for regions I and II. The integra-
tions were performed for the various regions and the resulting potentials
are presented in table IV. Application of equation (1) yielded the
corresponding formulas for the pressures; these are presented in table V.

Some illustrative chordwise and spanwise pressure <distributions are
presented in figure 7 for the angle-of-attack case and in figure 8 for
the steady-pitching case. Integration of the chordwise pressure distri-
bution yields the spanwise loading (also obtainable by use of the pre-
viously derived potentials evaluated at the trailing edge - see, for
example, reference 10, .equation (4)). The circulation along the span T,
which is directly related to the spanwise loading, is presented, for
illustrative purposes, in figures 9 and 10.

Derivation of Formulas for C C;, , eand Cy
1

My’ aQ
* The derivatives C, , Cp , and C are obtained by integrating
o, q g
the 1ifting pressure or the first moment of the 1lifting pressure over

the wing area. These derivatives can be expressed as follows:
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S
Cny, = asgffsxmpaxdy (5)
1 L ,
- 6
CLq EES[[SAdexdy (6)
ov
Cp = - El jfxmpaxdy o
a g_sg S
oV

I
vhere AC, = = /.

As indicated previously, the real part of the expression for the
pressure-difference coefficient in region IV is also the expression for
the pressure-difference coefficient for all other regions. Equations (5),
(6), and (7) cen, therefore, be written as

om0 [ e @
Cr, = R-P. qu jfs(mp)w ax dy (9)
5‘}. S .
= «R.P. 1

where the operator R.P. indicates that only the real part is to be
retained, and (ACP)IV denotes the expression for AC, in region IV.
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The expression for the derivative CLé may be simplified by the following

consideration: Since the potential function @ is continuous in the
stream direction and is zero along the leading edge of the wing,

T.E. o It T.E. I
f ACP d.X‘={r- ¢xdx="}'¢m i (11)
L.E. L.E.

It follows that equation (9) can be expressed as

L b/2 ’ _
Cr, = R.P. — f ¢TE dy : (12)
b @ oY -bf2 IV

where the potential is evaluated along the wing trailing edge.

RESULTS AND DISCUSSION

Formulas and Computations for the Derivatives Cma’ CLq, and Cmq

The formulas for the derivatives Cp, CLq, and Cmq obtained by

evaluating the integral expressions of equations (8), (10), and (12) are
presented in the sppendix. The formulas for these derivatives are alsc
given for the case vwhere the leading edge is sonic.

The results of computations for Cp, are presented in figures 11
to 15, for C;  in figures 16 to 20, and for Cp in figures 21 to 25.
q q

The data are shown for a range of taper ratios from O to 1.0 and for a
range of the aspect-ratio parameter (A' = AB) from 3 to 20. (Curves for
A' = 2 aré included for the A = 1.0 cases.) The range of leading-

edge-sweepback angles is included in values of cot™Im' from 0° to h5°.
The dashed portions of the curves do not represent actual calculations,
since these regions correspond to the condition where the Mach line from
the wing apex intersects the tip. However, calculations were made

for the sonic-leading-edge condition and the dashed extensions of the
curves to these calculated end points are believed to yield results quite
close to the true linearized-theory vaelues for most cases.

e
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The derivatives Cj,  and Cmq given by these genersalized curves

(figs. 16 to 25) are for the wing pitching about the center of pressure
due to angle of attack. The generalized curves for the derivative Cma

(figs. 11 to 15) are for the wing pitching about the wing apex. In all
cases, the moments are measured about the axis of pitch. The derivatives
for wings pitching about an arbitrary origin (with moments measured about
the origin) may be obtained by use of the transformation formulas pre~
sented in table I. The first three columns of table I present the deriva-
tives in a system of body axes with rotation and moments measured about
the points (0,0,0), (X,0,0), and (d4,0,0). The fourth column transfers

the derivatives to the system of stability axes with rotation and moments
measured about the ‘point (d,0,0). Since the lift-curve slope CLa must

be known in order to apply the transformation formulas, design-chart data
for this derivative are presented in figures 26 to 30. These figures were
prepared from the figures and formulas presented in reference 10.

For convenience in locating the desired design-chart data for the
derivatives, an index to figures 11 to 30 is presented in tables VI to
IX. Inasmuch as the parameter cot-lm' 1is used rather than the usual
m', it is felt worthwhile to present in figure 31 some data showing the
correspondence between the parameters. '

Some illustrative variations of the derivatives Cma’ Cy, » end
q

C (in the system of stability axes) with each of the parameters -

m

q
Mach number, aspect ratio, leading-edge sweepback, and taper ratio - are
presented in figures 32 to 3L.

Chordwise Center-of-Pressure Location

The center-of-pressure location for a wing at a constant angle of
attack and for a wing with a constant.rate of pitch can be determined
from a knowledge of the derivatives Cp» C 5, Cp, and Cr, . The

o q o (s

expressions for the chordwise location of the center of pressure are as
follows: For a constant angle of attack,

_ C
X
Cr

(13)

+|ol
&

where X 18 measured from the wing apex. For a constant rate of pitch
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A}

with the axis of pitch located at distance d downstream of the wing
apex,

= Cp - =C
g __cfa T Mo (1k)
Cr Cr c 2d .
Ly = = CIq
(o]

where Eq is measured from the wing apex, The derivatives used in equa-~
tions (13) and (14) are referred to the system of body axes with its
origin at the wing apex. Some illustrative variations of the center-of-
pressure location with each of the parameters - Mach number, aspect ratio,
leading-edge sweep, and taper ratio ~ are presented in figures 35 and 36.

Extensions of the Results by the Use of Reversibility Theorems

The results for the derivatives can be extended by the use of certain
reversibility theorems. (See references 15 and 16.) The derivatives Cmu;

CLq, and Cmq for the reverse wing are given by (reference 15, table I)

(Cma)R = %CLq
' (CLQ_)R T g,
<CmQ)R -y

vhere the subscript R refers to the reversed wing. In these reversi-
bility equations, the axis about which the moments are taken and about
which the wing is pitching must be the same for the wing and its reverse.
The axis is fixed in the wing configuration (that is, invariant with the
direction of flow). For example, if the axis of pitch and the moment
axis are taken at the leading edge of the root section of a wing in a
forward flow, then the axis of pitch and the moment axis will be at the
trailing edge of the root section of the wing in a reversed flow.

|
n
Q

|
Q
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CONCLUDING REMARKS

On the basis of the linearized theory for steady supersonic flow,
formules for the stability derivatives Cpg, CLq, and Cmq were derived

for a series of thin sweptback tapered wings with streamwise tips and
with supersonic leading and trailing edges. The numerical resulis are
presented in a series of design charts which permit estimation of the
derivatives for various values of aspect ratio, taper ratio, leading-
edge sweepback, and Mach number. Some illustrative variations of the
derivatives and center-of-pressure location with these parameters are

also included.

Langley Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Field, Va., February 19, 1952
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APPENDIX

SUMMARY OF FORMULAS FOR Cp , Cp , AND C
, Ty L’ g

-

The following formulas for Cmu’ CLq, and Cmqrefer to wings

vwhich have an arbitrary taper ratio, leading and trailing edges that
are each uniformly swept at a constant angle (including zero sweep
angle), and wing tips that are not yawed with respect to the free-
stream direction. Note that the trailing edge may be either swept-
forward or sweptback, although the leading edge is restricted to sweep-
back. An additional limitation is that the foremost Mach line from
either tip may not intersect the remote half of the wing,

The proper use of the formulas requires that the positive root of
the quantity under a radical sign be taken; thus, if a 1is a positive

number,
V (ta.)2 = 8

Also, note that

V-a y-a = ifa iVa = -a

' : Formulas for Cma

Sweptback leading edge, m' = 1 (sonic leading edge).-

'
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For arbitrary taper ratio,

Cma“

87°%2 32(1 - mé‘)

B [18K2 - 125k(k - 1) + 32(k - 1)2]\53( - k2)2

3 - -
3213 (1 + 2K2) gl JA - E) v 2k . L i:l +
B -3k - e+ 1 2x

¥Vik + J - Jk { 60E2(k_1) _h(hk-l]_

15(1 - k)2(k + 1)5/21/5 S !

5 _
2(1 - x)° (23 + o) | h(2g - LL)(3J + 4% o+ x7) | -
T k2

3/2
ofE (4kJ+J-36)E(4k-kJ+Jﬂ/ ]

30737 (x + 1)5/2

2k2(8 - J) - (kI - J - hk)li(J+ bk - 3kT)\2(kk - Jk + J)
2kJ(k + 1) SIYT(k + 1)3/2

2
(kJ+J+1Lk)/l§Z%+S sp-l ¥k + J - 3T (A1)
l6kJ2(k+l)3 kJ + J + 41{




ap  NACA TN 2699
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For taper ratio of 1,
. 8 | 11 (303812 4+ 3504" + T5)/A’
= e — - —— 4 -
Y > 1450
(At - 5)(ar + 1% ar -1
cos” (A2)
192 A' + 1
' hmth
Sweptback leading edge; m' > 1 and A' > -
(L + A)(m' - 1)
‘For arbitrary taper ratio,
: 768k2m* 3 ¥m!(3k° - 1) 11
Cma = - 5 cos”™ —ry +
BIYm'2 - 1[72(k - 1)2 - 12km' T (k - 1) + 48k2m'2] | 3(k2- 1) m
k3m'(2m'2k)+-k2-l)\/m'é-'l cos-l L . K3m'Ym'€ - 1 .
: e
3(k2 -1)%(m 32 - 1)k - Wk + 1 3(k2 - 1) (K212 - 1)
ELkm' -J(k - lzl 2n (1-bm'k2+ 2m'k - 3k + 1
32 CmWE(k - 1)°(L+ m'k)Vm'k+ 1
J(3k+2m'k® + 2m'k + 1)Vm? + 1 (43)
D
24km'2(k - 1) (L+m'k)Vkvn'k + 1
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For taper ratio of 1,

1 2m‘2(-3m‘h + lom'2 - k) ! omt ¥ Ate
C = - -
My 1 \

A'B 3n(m'e - l)2|/m'2 -1 n w(m'? - 1)2 m'2 -1

(Ak)

A'm'(2m?! + 1) 6n'® - 8m'5 - 1Tm' 4+ omt3 & 5m‘2]

+
(' + 1)Ym'@ - 1 6(m'? - 1)2Vm'2 -1

Unsvept leading edge (m' = w).-

AN

AN
N

|

N\

For arbitrary taper ratio,

~ ol AL . (7 - A)QEJQ"- 8 + 16(1 - xﬂ .
Coq B(A® + A + 1) 92 1927 - (1 - xﬂa

.3 1 +2E_,2(1_>{[ . . J E 1
12(1 -2)  3[7 - &1 -2)]% 12\/JE_4(1_XE L -\

2
J - 41 - x)il | (A5)

For taper ratio of 1,

h - oeat P
Cma=—3—AT (A)




Formilaes for CLq_

Sﬁeptback leading edge, m' =1 (sonic leading edge).-

6692 NI VOVN

For arbitrary taper ratio,

r . .
30KttT2 12 AJL& +J = Jk {20 (2 - 5K2)(2T + 4x) .\ |
kege

CL. = :
Bk + 1)2[48K2 - 127w(k - 1) + 2(k - 1)2][3(1 - k)g\z(l + x)3/2F

K2

(o + 2 e - uﬂ (20 - W% 4 x) E2J 2 2o M s ) ke m:)i} )
k372 k 12

(Bquation continued on next page) .
©
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6k - _ 52
4 _|sin-1 JQ - X&) + 2 _sin Ll 5555___25;1 +
I3V + Wk - 1 2k k k333

Ve 3T + 7T + 48k)(bk + T - KJ) f4k+J_kJ
Ve + 1 | 15k23° J

Va(lk - kJ + J) -

J(5 - 3k)(k + 1) + k(9% + 5)| -J - bk + 3kJ
1622y kYRS

K + J + hx)® -
2k<J bk + J + kT

For taper ratio of 1,

16 ' ' 2 '
EA + D@+ )T AT -1 16

C =
La " Sam 32 A'+ 1 15

(81A'2 + 1Q90A' + 105)/A"
\ - 210 - '/—:l (88)
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: lm *A
Sweptback leading edge, m' > 1 and A' > .=
(L+ AM)(m' - 1)

For arbitrary taper ratio,

i k“myYm!2 - 1 ) wet

C =
Lq

BrJ (A2 + A + 1)k°m'(m'2 - :L)3/2 fm'k + Lym'k - 1

L _
‘2k3m’2(—kl‘m'4 +mt2h -2 Lomrh?)
(m'2%2 - 1)(1 - k2)2
~ / WW
k%leg(mlzkxg _ l)(ak_mte + m'?]£3) +
< 219m 6(k2 + 3) + m 30t - 10k2 - 15) +r>
;‘Em'gk(—kl‘ + Tk® + 6) - Mx(3 - keﬂ !
2 T T

32 - 1)°(1 - k8)° )

ok3mt 3(~bK2 + 3m’2k2 -m'e 4 2)\_
cos"l L +
2 m?

3(1 - ¥9)

(Equation continued on next page)

) (m*2x° - 1‘)2 )
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13 3|/ 12 R
nokm - _{(5m'2k2 - 2)(1 - %2) - kEk3m'l" +
3(m'2k2 - l)?(l - k.2) / .

Ik llm'k +J( - k:l mt +

K1 - k)o'k + 1Vk

m'2k(l 5k2) + 2]&]}

It (k + m'2 - 2) (W' (3 + 2o’k - k) - J(1 - K) (1 + k + 20'K) ]
B - W (1 + u'k)

Cin'k + 9(1 + & + 20'k)] [bn'k(3 +
2 -m@(k+1) | ;22 |20k -k ~J(1-K(1+ K + 2 k)|
- + . c

> 1-k ‘ 6h(m'k + 1)2

(kx - 1) Eun'k +J(1 - k:l
Ei(m'k + 1)2

=N

fE.(l - k) + l;mllgl(]_ - ) EIE‘k(-6 - lm' + 502 -

12n'k - Tm'k + 8n'3k) + J(-6 - bm' + 8m'3k +

<

51112 - 8m'k -~ 6k + 7m’2k2 + )-lm'3k2§] . . J

384(1 + m'k)2’

(9)

7 , .
K°m'2(m'2 - 2) -

]
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For taper ratio of 1,

om!2 2(11'1’2 - 2)

- . +
ILA'B(m'e _: 1)3/2 Vm‘z -1

Ct. =

2(-30® + 11m'* - 1602 + 8)

‘ 3(m72 _ 1)2 m?

1

w(6m'® - kmt5 - 1om* 4 1bmt3 ¢ 260’2 - 10m7 - 13]4_ 2A

+
6(m12 - 1)2 o 1
om' (2m'? - m' - 3) (a20)
Unswept leading edge, m' = w.-
For arbitrary taper ratio,
. 18" 72 +(J-1+)22EJ2—8J>»+16(1->§[+ |
Ly = : :
4 BOZE 4 A+ 1){192 192@_“1_}“1—]2 —
' 2l - 2(1 - 2
a3 - 20 - ) - (a11)

- : J .
. .
PRI L e MW - - 2]

’




For taper ratlo of 1,

12A" - 4 ,
¢, = ——— (AL2)

q 3A'B
Formulas for Cmq

Sweptback leading edge, m'!' = ) (sonic leading edge).- = -

\\’
For arbitrary taper ratio,
Oy = - gk T 63 128(2 + 3k2) Em_l 2(1 - k)J+ bk
. -
BA'n(k + 1)3E8k2-l2J'k(k-l)+J2(k-l)eje (l—k)3 e+ vk - 1 b

- 8 vk 1eY2 J8(k + 1) (b - 2)(k + 1)
sin~l 1| . 220 ) 12 23k (kJ + J + bk) : .
’ J 31:5J”( T )} "VEr1 e x K2

12(3k2 - 5k - 6) N 30h +2k2 -k + 95(Jk + J - 4k)2 L 160k + 1):’ @H gin-l HE+JT-3KT\
T2 72 K2 ~ K2g2 Jk b+ T+ kT

(Equation continued on next page)

2
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Vhk + T - Jk 2Kk5 b, ‘
(16 - LOK2 + 30k - 8k0) +
vk + 1) (1 - x)3(1 + x)2 il
16 16 - Bk - 482 + 63 + 38t + 215 - 616) + B4 (64 273 +
7216 g J3x> .
3 R
ohxh + 3x5) L 201 -%)°(1 + k) E-512 - 368k + 32K2 + 8Kk3)L
35]:{5 . : k3
-—( 58k - 40Ok + Uk2) + -—(-192 - 102k) - 6C] + _l‘_(hs +
T2 2 73 T2
W7k + 162k2) + —=—(-570k3 - 237k2 + 228k + 135) + —(ooki -
213 k
147K3 - 561k2 + 15k + 135) ¢ —-—-( 126k5 - 7~ 72K3 -
16k°
162k° - 66k + hsil o (a13)
For taper ratio of 1,
. - . .
o, - . 16 | o L (33810 4 BEr £ 1TT)(AT + 1)7 g AT -1
q 3:LBA' 105 1536 . At + 1
(2685413 + 8300A'2 + 1263541 + 6195)/A" (A14)

26880

25




Sweptback leading edge,

hmth

m'>1 and A'>

(L+ M) (m - 1)

For 'arbitrary taper ratio',

,%qh

8km! + J(1 - k)

BJEE(l - k)® + 127kmt (1 - k) + 4&n'2k§|2(m‘2 - 1)3/2

3m'J{Wem! + J)EE.BI:J . (m'@ - 2) (W' + Jﬂ

1536k %0t 2 | m12(1 - 362 + G - 2+ 6B - BklEl
= C

38km k(1 + k - 2m'2)

(1 -x)3

os"l —1—

n(l - k2)3

ml‘

(Equation continued on next pege)

-l.in'k3Jl‘\(2m‘2 - 1) +
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STk - b -2 - 22 4 2ni® - 2Pme?)

15361: '5[ 1‘1:3 1+ 3k2) - m'Kk(2 + 3K° + 3};“) + 2k(k° + 1]\/m'2 con-L _3__.+\
n(l - 1) 3 @22 - 1)k + Lk - 1 Y

6692 NI VOVN

' 4 12 12 - ‘
1536k“m S3m® - 2k® - ¥t o+ 1 - kP @)Ym® - 1 b 12m20(7 + ) 2w - 2%m0 4
" x(1 - k2) (m'EJ::-2 - 1) |

(w2 - 2)(7 + bt} ] - o e

6n'2%2 [l + J(l - 1] {llk b - 9k2 - 2m‘2(3k -1 - 32) .

., .
i ' -

(-6a' + 9 - Bm'2k + 30m'k - 26k + 24 22 - Sin'k® 4 25k + 30m'k3 < 2hm'Px3) (' + L)Ym' + 1
- +

K1 - x)(m'k + Lya's + Lk

J(-18k - 2n'k3 - Lm'k® + %2 + 22m'k + 8m'Zk3 + 8m'%%° - 6m' + 9 - Bu'Zk)(m' + 1)ym' + 1
+
16! (m'k + LVEE'E + 1

. \
1671352 [Mam? + J(1 - x)] |(m'2 - 1)vm' + 1 S @2.2) 1
Ty e T 1 x

(Equation continued on next page) o
~



180627 [bhm' + J(1 - 1{|3 (m'® - 2 - 2w 4 3k)  (Maw! - Sk - 2m' 4+ 3)(m' 4 L)ym! +j
+
(1 - K)° k 2viym'k + 1 (a15)

For teper ratio of 1,

1 w2 216 ¢ 85mt - 92m'® 4 28 Tm' 4 26wt - bomP 416 g 1
Cmq =&l 5 + cas™ — +-
Atx(m'® - 1)3 9(m'= - 1) 3Vﬁ'2 -1
1r("(m’6 + 24m!2 4+ 15111’l+ - bomt3 - 33m'2 & 1ém' + ll)m’i 2 131’2(111'2 - 1)
i - +
1
&(m'e - LWm'? - 1 (m'2 - 1)3/2 3

At(Ben'® - bt - T4)  [A'(m' + 1) - m'](-1hw'3 + 32002 4 30m1)
+
90 QoA (m! + 1)@

+

A'mt (13603 + Shn'? - 257m - 163)(m' + 1) + [A'(m' + 1) - w|Ar(nt + 1) (&2 - 16) - 16a™]

+

90(m? + 1)2A'

m'2(-96km'? - 1196a'" + 1227m'3 + 978n12 - 353m! - 172)
' 360A'(m'2 - 1)°

(A16)

Is
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Unswept leading edge, m' = w.-

For arbitrary taper ratio,

. 12 rJ(J—‘u) L3 -ME -8

C =

Y LI 1)2E— k(1 - >~>{ 2[ IR
(1-20%0 -1 @-n3E-n3 Ju I-¥
[ -5 -2)]? h[ 4(1_x:] JEIREICIERS

3(5 - 4) o ewm @ RSO
2[7 - M1 -] [7- %2 -3 NER IR A

gk ot gt .
F-sa-n)% "\ @-nF-sa-a"

J J+ 8(1 - 1) 8(1_x)[(1_x)_J]
(1-xf[-u(1-ij-4(l->~) [ - 51 - 2]

21 -») 2@ - ME21 - ) - 353} +

J - k1 -2) E-h(l—xﬂ?

452 (7502 _ 3305(1 - &) + b2o(L - 2)2]

60[T - M1 ~ AJ]PT[T - B2 - M)

(A17)
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‘For taper ratio of 1,

(A18)

3 - 8

3A'B
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Tm I.- FORMULAS FOR TRAWEFORMATION OF THE STABITJITY DERTIVATIVES C"u.’ OLq,

ARD Gnq FRQN BODY AIRS TO BTABILITY AXES

.Body axen
1 at Body axes 114
Origln- a ortednl ap T BB Criginl at x = d, y= 0, £ = 0 Ortatnl ot ity axos 0
Ino,:‘ono, iginl at X = x, y=0, =m0 (d-x+a.) rigin- a X=d, yw0, z =
2=
ta‘bil:l.ty Btabllity Bhift in origin Btabllity 8hift in origin from |Btability COrigin at (d 0,0). Rotabtion
erlvative | dardvative | from (0,0,0) to (%,0,0) darivative (%,0,0} to (4,0,0) derivative ugh angls o
- ' (2)
Ca, Omu* ¢} ouur '%cl'u. C‘l:u" g.ur_ao 'zcna’
* + ' Or * w28 Qr 1t L. f gy !
CL, OLy OLy + n, CLy L~ 27 Cla Ly T
A -9 ! #* + &0 % .2 [} t
cmq c‘llq c:n,‘1 CLC,, C'nq (“J:lq T Lq EEOIU cn,q C’mql

]‘I‘hu origin refers té the Uartesian nynten‘ of coordinataes as used in the a.nalyaiﬂ.

value of cnc,,u' in the transformation for Cma_" and the value of a.Cx
genarally small and can bs nagiected for estimates of G.,a” and OLq”

(Bee tig. 2(a).)

in the transcformation for
These va.'Luns bave not been obtained in th:lu paper.

GI,” are
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TAHLE IT.- FORMULAS FOR POFERTIAL DISTRYBUIIONS DUE TO ANGLE OF ATTACK

NACA TN 2699

Reglon
(see sketch)

Formula for
(reference 10

4B cot A
B cot A= l; |Bcot >1
l: I Aml 3 B (1 +2){(1+B eotA)]

2T 2w

l/ 2 (v + 288 + xg)

EcotA>1; |IB cotbnl>1;m>

>y

————————>Ya

kB cot A >

(L +2)(1+Bcota)

S B cotA :I
(L+2)(Bcot A -1)

1 Ya(mx - -
‘/32.::2 -1
II (mx - y)cos~t 2= BT By + (2x 4 y)cos~L ﬂ
- 1 B(mx - y) B(mx + ¥)
fany I:mﬂ ya)cos'l Xy + 73(2&11 + 1) Z'L%(Xa + nyﬁ)(m ; lﬂ
Xy = Ja
’ —Je . (mra—ya)corlm“*y‘@*'l)-coa‘l-mxa+32m?ya+g(nzm2-l + -
P2 _ 1 oxg - ¥a' Bafmzg ~ ya)
v -

b
(a + 2% + Ya)eos™t my + By + (P52 + 1) + Eyfnva(xc + Bya) (Bm + 1)} ) !

)
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[

TABLE ITI.- YORMULAS FOR PRESSUEE DISTRIBUTIOES DUE PO ANGLE OF ATTACK

i
', Reglon Formula for N.'p
' (see sketch) (reference 10)
Ii o
| S
_ -
' ~
; =
-

[ —
| Y= .
: Ta
]
!
L BcotA-ly'Bth.E:_;J;mz-—M—A——
t (1 +2)(1 +BecotA)
E — B=

I
: Bxp-nzyz

ka -2By,

pay B 2

_ a + Xa + 2B
o
) —>Y
|
! AN
!

T X
’ }v/m
| 7
/
- \

! : = =
;
! BcotAZl;BcotA-lel;MZ 4B cot A s B> 4B\ cot A
i (L +2)(1 + B cot A) (L+2)(Bcota-1)
| : =
{ B2 - 1 s
k \
I
' Yem -1x - By -1x + By

o @_'_JE“ B(u-y)+°°° 'Blmx + y)

I han cog-1 X& * Ya(2Ba + 1)
| . ==y =T

. b

- . b m_lna+£.-‘32m2(ya+§2+cw_lmxa+§+an2(ya+£-)-coa_l-Ex,+ya.(2m+f§f
' 5% - 1 Ba(rxa - Ya) Ba(mxg + Ja + ‘0) =g = Ya

W
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TABLE IV.- FURKILAS FOR POYENTIAL DISTHIBUTIONS DUE 0 STEADY PITCHING VELOCITY

NACA TN 2699

Yormmla for §

Reglon
(e sketch)

4

> /thotA
[a cot A = 15 i‘.BcotAm|-l s m?———(lwn(l'Bth)

B

o (R Rl ]

Ta %

. B cot A 5> LM oootA
. [Boot-A 1’|andzl‘m?(1+x)(1+BcotA)'m-(l’\)(BCOtA-l)]

*w I

w2 -2 | (P - 2) -2 WP g xt Py,
BZ -1 22 - I)BF =R

er_&z]
Z(anz-l)Jﬂ B -~ By

j—hs Felyy - 1eliry + 2,20 + 52 P + G - 1) lﬂﬂi.*nr.
e a(g% - 1) (-1

3[oxara - 2eRa? - BrgleR + Fatn®s Sy - 22) (82~ 1]

-7,
2n (a2 - PR - 1 FaT

1:::,41.(23‘-‘"1

]

_1“1”1(2&“1)_

3] Bma - r)(E2 - 1) ¢ oo - 22 - it aanhx.z[
2n(B2c2 - 1)3/2

m_l—nx.‘B?ﬂz!.szﬂz 1)] (=% i&-&*z anz(h"j)
Bafex, -7,) -1)
%(aznz 1) - Gy - a;(,,z,, an)aa. + By e Sx.szn’ Tl ) ,

(2 -1)

o = Ya

(==-+ o r D - o+ B+ B -G+ B e P

(g2 - )M L

o Yo 1)} - ’

B:'(nl +*Ya* Zh)

~
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TARIE V.- FORMULAS FOR PRESSURE DISTRIBUFIORS DUE TO STEADY PISCHING VELOCITY

37

(neﬂem ) ' Formula for ACp
>
»y‘
~
~
‘ 5B cot A
[Bm“-ls o o pmfz 15 202 g |
i 260 (22 - %) | :
/ 3B - 2 - py°
. ﬂyu(lka+2)%3+lll!yu)
37 |-ZRya(%a + 258 + Byy)
. AN
‘n\ 1 s
e
t \>Km
e
s RN
\ \
x b
o
o1 4 s Weotd > HWAoota
[BMA = lnmﬁal’m"(1+'x)(1+ncot1\)’m (1+).)(BcotA-1):l
I ' ——g‘lﬁ— Entx(Bamz-Z)+Qy
7(3%2_139[ ]
amfx_é hx(Bena-al-ﬁ ool X4 B oo (p2® - 2)+a cog-d, X2 BT
o 3%2-1 a(p2a? - 1)3/2 Brx + By 2(p%2 - 1)3/2 Box - By [ -
- l;ql—a:xa(heuz-e)+arn+az(3212 1) lnxa+(23n+1)yn-2(1+h 5%2) an(§+ByJ
ﬂl_ 2(522 - 1)3/2 mx, - ra B2 - 1
hq | 2o, (352 - 2) +ay&+ag@9n2-1) W‘Iun+(23m+1)yn_ o o + By, 4 ’2?-(32-2 1)
- 2(p2 - 1)3/2 5y = Va Ba(nx, - ¥a)
v ‘2ﬁl.+Bn-Ben2) “‘V;(xa"'n-"a 2‘( Bane(ya"'h)
» BE -1 Bm - 1 32:-2 1
pux, (5% - 2) - 2y, + 22(p%E - 3) 1nxn+32n2y + B(B%2 + 1)
2(1321::"3-1)37é i Ba(x, +h+% g8
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TABLE VI.- INDEX TO DESIGN CHARTS FOR BCp
Eitching and moments measured about (0,0,0ZI
cot"lm' cot."lm'
A | AT (deg) m! Figure|Page || » {A' (deg) m! Figure| Page
o | 3/18.4 to 45 3 to1 [11(a) | k9 [J0:50] 3} O to 12 | = to 4.7113(c) | 57
4] 0 to 45 wtol L
5 5
6 l/ 6
; () ; v
8 11(b 50 12 \
12 \ \L \\’ 200 to 11.6|w to 4.87 / A
20 v / \l'
) 0.75] 3] 0 to 45 wtol |1k(a) 58
41 0 to 12 o to 4.7 [11(c) 51 L
5 5
6 6] -V y
8 8lo 4o 38.2| »to 1.27| V \4
12 \ V4 8l 0 to I5 o to 1 | 14(b) 59
/ 120]0 t0 10.8] = t0 5.2 | ¥ 12 \L
-~ 20 \b
0.25| 3|3.81 to L5|15.06 to 1 [12(2) | 52 ! :
4| 0 to 45 otol l i 0 to 12 o to kT [ 14(c) 60
5
6 N 5
6 p2(by | 53 6
8 8
12 \L \l L 12 / Vv
20 V |20 |0 to 10.4| = to 5.45 /
3(3.81 to 12[15.06 to ET{12(c) | 54 |[1.0 |2} O %o 45 wto 1l 15(a) | 61
b 0to12 |ewto k.7 3
5 l k . l
6 J/ 2 \%
12{ 0to 9 |wto 6.31 , 6 15(p) | 62
20! 0 to 5.3 |» to 10.78 |- A 8
12 V) b
0.50 i 0 to b5 wtol [3(a) | 55 20 \ \7
5 2! 0to 6 w to 9.4 | 15(c) 63
6 3
8 y \L’ L
8 n3(b) 56 5
i2 6 B}
Vv |20 \l’ \L 8
12
V|20 Vv
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TABLE VII.-~ INDEX TO DESIGN CHARTS FOR Bch*
E’itching and moments measured about (E,0,0Z‘
cot=Im? cot'lm'

Al (deg) m? Figure{Page|l A |A? (deg) m?t Figure |Page
3[18.4 to k5| 3401 |16(a) | 64 {{0.50 31 0 to b5 wtol |18(a) [ TO
4 0 to 45 w to -1 N : \L \L
5 5
g l l 2 8(m) | 71
8| 16(b) | 65 8 % ‘l’

12 \1’ : 8 18(c) T2

20 \ 12

‘ \L Vigg| V N J
4l 0 to 34 w to 1.48 [16(c) | &6
5 ¥ v : 0.75| 3|0 to 45 19(a) | T3
6]0 t0.33.7 | « to 1.5 IR
8] 0 to 27 o to 1.96 5 v
12| 0 to 18 o to 3.08 610 to 32.6 | = to 1.56
20[{0 to 11.2 | » to 5.1k \V v 810 to 29.2 | » to 1.79
. 1210 to 27.1 | « to 1.95 \J
-25] 3|3.81 to 45(15.06 to 1 [17(a) | 67 200 to 25.3 | w to 2.12
b 0 to U5 o to 1
5 i 6 [32.% to 45[1.56 to 1 |19(b) | T4
6 J 8129.% to 511,77 to 1 i
8 W 1227 to 45 [1.95 to 1 J/
8 17(b) | 68 20[25 to 45 [2.13 to 1 |
2 l
20 \1' 1.0| 2{0 to b5 wtol |20(a) | 75
3

3{3.81 t0 12.6|15.06 to 44T |17(c) 69 i
k| 0 to 24 ® to 2.25 5
5 60 to 34h.6 |wto 1.45
6 810+t 31 |wto 1.66 l
8 12| 0 to 29 wto 1.8 v

12 200 to 27.4 |owto 1.95 | V

20{0 to 23.6 | = to 2.29

6126 to 45 |2:05 to 1 20(v) | 76
8 .
Lz | |
) Y 120 N4 %
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TABLE VIII.~- INDEX TO DESIGN CHARTS FOR Bf‘,mq*

Eitching and moments measured about (E;0,0ﬂ

cot-lm? cot~lm? n? ’
(deg) m Figure |Page

H ’ .
(deg) m Figure |Page s At

18:4 to 45| 3 to 1 {21(a) |,
0 to 45 o to 1

3

0.75 Otoh5 | @tol [24(a) | B

0 to 37.2 |=to 1.36
0 to 26 | to 2.05 \
0 to 15.k |» to 3.63: 0 to 35.6|x to L.k 4 /
26 to 45 |2.05 to 1 |21(b) Otolk | wtol |24(B) |85
19.% to 4¥5(2.84 to 1 \L ,

13 to' 45 |4.33 to 1

d <«—d <«—J

3.81 to 45|15.06 to 1}22(a)
0 to 45 o to 1
0 to 41.2 |oto 1.1
0 to 36 |e to 1.38
0 to 27.6 |» to 1.91
0 to 18.6 |» to 2.97
0 to 11.2 |= to 5.05 \VS N

0to0 9.1 |wto 6.24] V- 'Y
29 to 45 |1.8 to 1 |2k(c) | 86

Otol5 | wtol ' 25(a) | 87

n

32 to 45 | 1.6 to 1 |22(b) | 80 \l’
26 to 45 [2.05.t0 1
20 to 45 2.5 to 1 0 to 38.k|= to 1.26
1t to'k5 {4.01 to 1 0 to 33.3|x to 1.52
8 to 45 |7.12 to'1 4 v 0 to 2k.5(» to 2.19
0 to 16.8|= to 3.31
0 to 45 wtol |23(a) | 81 0 to 9.2 |» to 6.17| N

Otol5 |otol |[25(b) | 88
2 lo to 1.14 , \
6 |» to 1.45 l/

.2 |» to 2.45

6 \ (

© to 4.13 W v

<
85030\\.11
-

0 to
0 to
0 to
0 to

35 to 45 |1
26 to 45 [2.05
17 to 45 |3.27
10.% to k5[5

0 to 1k o to LL 23(c) 83.

|

0 to 13.4 | » to k.2
0 to 7.8 wto 7.3 v 4
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TABLE IX.- INDEX TO DESIGN CHARTS FOR BCL,,
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(a) Notation and body axes used in analysis.
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Figure 3.- Regions of ’wing.
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Figure 9.- Circulaetion along the span for angle of attack. A = 3;
A= 18,59 A= 0.75; M = |2. ‘

Figure 10.- Circulation along the span for steady pitching velocity. _
A=3; A=18.5% 1=0.75; M= \2. ‘
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Figure 17.- Variation of Bch* with cot~lm' for various values of A'
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Figure 21,- Concluded.
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Figure 24, - Veriation of chq* with cot-Im' for various values of A'.

System of body exes with origin et (X,0,0). (See text, p. 11, for
significance of dashed portions of curves.)
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(b) X =0.75; A' = 3 to 20; m' = o to 4,

Figure 24.- Continued.
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Flgure 26.- Varietion of BCLJ with cot~lm' for verious values of A'.

Syetem of body axes.
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(b) A=0; A" = Lk to 20; ' = o to 4.7,

Figure 26.-~ Concluded.
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(a) A =0.25; A" = 3 to 20; m' = » to 1.

Figure 27.- Variation of BCr, Wwith cot~lm' for various values of A'.

System of body axes.
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(b) A =0.25; A' = 3 to 20; m' = w to 4.7,

Figure 27,- Concluded.
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Figure 32.- Some illustrative variations of the stability derivative Cma"

| with Mach number, aspect ratio, sweepback, and taper ratio. System of
| stability axes; static margin, 0.05c.
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(d) Varlation with taper ratio.

Flgure 32,- Concluded.
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(a) Variation with Mach number.

Figure 33.- Some illustrative variations of the stability derivative CLq

with Mach number, aspect ratio, sweepback, and taper ratio. System of
stabllity axes; static margin, 0.05€.
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(b) Variation with aspect ratio.

Figure 33.- Continued.
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(c) Varistion with sweepback.

Flgure 33.- Continued,

6692 NI ¥OVN

€0t



(d) Varietion with teper ratio.

Figure 33.- Concluded.
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(a) Variation with Mach number,

Figure 3.~ Some illustrative variations of the sﬁability derivative Cmq"
with Mach number, aspect ratio, sweepback, and taper ratio. System of

5 stability axes; static margin, 0.05c.
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(b) Variation with aspect ratio.

Figure 3k.- Continued.
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(c) Variation with sweepback,

Figure 34.- Contimued.
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(d) Varistion with taper ratio,

Figure 34,- Concluded.
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(a) Variation with Mach mmber.

Figure 35.- Some illustrative variastions of the center of pressure due to
angle of attack with Mach number, aspect ratio, sweepback, and taper
ratio, System of body axes.
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(b) Variation with aspect ratio,

Figure 35.~ Continued.
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(c) Variaticon with sweepback.

Flgure 35.- Continued.
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Figure 36.- Some

(a) Variation with Mach number,

illustrative variations of the center of pressure due to

steady pitching velocity with Mach number, aspect ratio » Sweepback,
and taper ratio. System of body axes; static margin, 0.05c.
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(b) Variation with aspect ratio.

Figure 36.- Continued.
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